The first and second homotopy groups of the η-inverted sphere spectrum over a field of characteristic not two are zero. A cell presentation of higher Witt theory is given as well, at least over the complex numbers.
Introduction
Let η : A 2 {0} → P 1 denote the first algebraic Hopf map given by sending a nonzero pair (x, y) to the line it generates in the plane. It induces an element of the same name η ∈ π 1,1 1 in the motivic stable homotopy groups of spheres. Hence η acts on the motivic stable homotopy groups of the sphere spectrum, in fact of any motivic spectrum. Inverting this action produces trivial groups in degrees one and two for the sphere spectrum. This vanishing result enters the computation of the first line n∈Z π n+1,n 1 of motivic stable homotopy groups of spheres given in [31] . Fabien Morel identified the zero line of motivic stable homotopy groups of spheres, that is, the direct sum n∈Z π n,n 1 with the graded Milnor-Witt K-theory of the base field -see [24, Theorem 6.2.1] , and the corresponding unstable statement [25, Theorem 4.9] , documented in detail for perfect infinite fields in [26] . This identification implies that π n,n 1[ ] is isomorphic to the Witt ring of the base field for every integer n. Impressive work of Guillou and Isaksen on the motivic Adams spectral sequence at the prime two computes π n+k,n 1
] for all integers n and k over the complex and real numbers [10] , [11] . It implies that π n+3,n 1 ∧ 2 is nontrivial, at least over the real and the complex numbers. The next task is to determine π n+3,n 1[ ] → cKW → cKW ∧ cKW (1) of this resolution enter the proof of Theorem 1.1. The zero line computation of Morel cited above allows to deduce the vanishing in Theorem 1.1 from the connectivity of the second map in (1), as Section 5 explains. This connectivity is obtained in Section 7, at least after inverting 2, by transferring results from topology on connective real K-theory to connective Witt theory. Proving that this transfer works proceeds by a real version of Joseph Ayoub's model for the Betti realization, to be explained in Section 3 and exploited in Section 4. The argument sketched so far would provide Theorem 1.1 only after inverting 2 1 , which annihilates Witt theory for fields which are not formally real -see Section 6. The integral computation requires knowledge on 2-complete computations, supplied by results from [31] with the help of the convergence result [17, Theorem 1] . The passage from 2-inverted to integral results is explained in Section 8. ]. For the complex numbers, where complete information is available by [10] , a very small and complete cell presentation of connective Witt theory is obtained at the end of Section 4 (see also [14] ). This cell presentation is not used in the proof of Theorem 1.1, but included for comparison with the impressive rational result [2, Corollary 2.8]. Cell presentations and connectivity are discussed in Section 2. The following notation is used throughout.
F , S field, finite dimensional separated Noetherian base scheme Sm S smooth schemes of finite type over S SH(S) the motivic stable homotopy category of S E, 1 = S 0,0 generic motivic spectrum, the motivic sphere spectrum S s,t , Σ 
Cellularity and connectivity
The following definitions regarding cells are modelled on [8] and [17] . Attaching a cell to a motivic spectrum E refers to the process of forming the pushout of
for some map f in the category of motivic spectra. The arrow pointing to the left in (2) denotes the canonical inclusion into D s+1,t 1, the simplicial mapping cylinder of the map Σ s,t 1 → * . The pushout D then consists of E, together with a cell of dimension (s + 1, t) and weight t. More generally, one may attach a collection of cells indexed by some set I by forming the pushout of a diagram i∈I
in the category of motivic spectra. A cell presentation of a map f : D → E of motivic spectra consists of a sequence of motivic spectra
with canonical map to the colimit c :
for every natural number n, such that D n is obtained by attaching cells to D ′ n−1 along α n , and a weak equivalence w : D ∞ ∼ − → E with w • c = f . Furthermore, all arrows in diagram (3) labelled with ∼ denote acyclic cofibrations.
Remark 2.1
The most important instance is the absolute case, that is, a cell presentation of a map * → E. Then one speaks of a cell presentation of E. The distinction between a motivic spectrum E and a cell presentation D ∞ of it might be neglected if no confusion can arise.
Example The suspension spectrum Σ ∞ P ∞ admits a cell presentation, having precisely one cell of dimension (2n, n) for every natural number n.
Let SH(S)
cell denote the full subcategory of SH(S) of motivic spectra admitting a cell presentation. It can be identified with the homotopy category of cellular motivic spectra, that is, the smallest full localizing subcategory of SH(S) containing the spheres S s,t , as [8, Remark 7.4] The motivic stable homotopy category SH(S) is equipped with the homotopy t-structure
where SH(S) ≥n = Σ s,t Σ ∞ X + |X ∈ Sm S , s − t ≥ n is the full subcategory generated under homotopy colimits and extensions by the shifted motivic suspension spectra of smooth Sschemes of connectivity at least n. See [16, Section 2.1] for details, and in particular [16, Theorem 2.3] for the identification with Morel's original definition via Nisnevich sheaves of motivic stable homotopy groups in case S is the spectrum of a field.
Real realization
Real Betti realization will be employed in order to give a topological interpretation of connective Witt theory over the real numbers. It is defined as the homotopy-colimit preserving functor SH(R) → SH from the motivic stable homotopy category of the real numbers to the classical motivic stable homotopy category which is determined by sending the suspension spectrum of a smooth variety X over R to the suspension spectrum of the topological space of real points X(R), equipped with the real analytic topology. Another viewpoint on the real Betti realization is given by equivariant stable homotopy theory with respect to the absolute Galois group C 2 of R: The real Betti realization is the composition of geometric fixed points and the complex Betti realization; see [13, Section 4.4] for details. Real Betti realization is given already unstably on the level of presheaves on Sm R with values in simplicial sets, and as such it is a simplicial functor. There is an additive variant for presheaves with values in simplicial abelian groups, or, equivalently, complexes of abelian groups.
Theorem 3.1 Real Betti realization R
* : SH(R) → SH is strict symmetric monoidal and has a right adjoint R * . Moreover, the canonical map
is an equivalence for all motivic spectra D ∈ SH(R).
Proof The first statement follows from [27, Section 3.3] , and also from [13, Proposition 4.8]. The second statement follows from [9, Proposition 3.2] for strongly dualizable motivic spectra. Since SH(R) is generated by strongly dualizable motivic spectra, the result follows.
Identifying the real Betti realization of motivic spectra which are not suspension spectra of smooth varieties is not immediate. 
Proposition 3.2 (Ayoub)
The R[t 1 , . . . , t n ]-algebra R n is Noetherian and regular. Popescu's theorem [34, Theorem 10.1] then implies that R n is a filtered colimit of smooth R[t 1 , . . . , t n ]-algebras, and thus can be considered as an affine pro-smooth R-variety Spec(R n ). Hence any presheaf K on Sm R admits a value K(Spec(R n )). Letting n vary defines a cubical object K(Spec(R • )). Let KQ denote the motivic spectrum for hermitian K-theory of quadratic forms [15] . It is defined over Spec(Z[ 1 2 ]), and hence over any scheme in which 2 is invertible. Note the identification
s−2t (F ) with Schlichting's higher Grothendieck-Witt groups [33, Definition 9.1] for any field of characteristic different from two. The periodicity element is denoted α : S 8,4 → KQ. It is denoted β in [1] .
]). Then KQ is a cellular commutative motivic ring spectrum in SH(S) which is preserved under base change.
Proof A ring structure is provided in [28] . Cellularity follows basically from the model given in [28] ; details may be found in [30] . The statement regarding base change refers to the fact that, given a morphism f : S → S ′ of schemes over Spec(Z[ 1 2 ]), there is a canonical identification f * (KQ) → KQ of motivic spectra over S. It is induced by the corresponding canonical identification of Grassmannians which serve to model KQ by [28] .
Let KW be the motivic ring spectrum representing higher Balmer-Witt groups in the motivic stable homotopy category. It can be described as KW = KQ[ ]). Then KW is a cellular motivic ring spectrum in SH(S) which is preserved under base change. It is a commutative 1[
Over fields, one may describe the coefficients of KW as follows:
Here W is the Witt ring of the base field and α is the following composition:
The remainder of the section will be devoted to specific descriptions of the motivic spectrum KW, after suitable modifications, or over specific fields. See [32, Theorem 2.6.4] for the following statement. ] is torsion-free.
In order to state the next theorem, let KO denote the topological spectrum representing real topological K-theory. Its 0-connective cover is denoted ko. The coefficients of the topological spectrum KO[ ] of topological spectra. The unit map KW[
] is an equivalence in SH(R).
Proof This follows from [19, Theorem 6 .2] which provides a natural equivalence of classical spectra
for every finite type R-scheme X. The Yoneda lemma then implies that the map induced by the functor R * on internal simplicial sets of morphisms is an equivalence for all smooth R-schemes, whose Σ s,t -suspensions generate SH(R). Adjointness then implies that the unit map KW[
Due to the α-periodicity of its target, the unit 1 → KW is not k-connective for any k ∈ Z. Let ψ : cKW := KW ≥0 → KW denote the 0-connective cover with respect to the homotopy t-structure. Since 1 is 0-connective, the 1[
] → cKW, even in a strict sense if one uses [12] whose general setup applies here. The next aim is to provide an analog of Theorem 4.4 for cKW instead of KW. ]-algebra which is preserved under base change.
Proof The statement regarding the multiplicative structure follows from [12] . The base change argument for connective covers is given in [16 Lemma 4.6 implies that the filtration on KW given by the homotopy t-structure coincides with multiplications by powers of α on suspensions of cKW. Thus the cone of multiplication by α on cKW, henceforth denoted cKW/α, coincides with the 0-truncation of KW, or equivalently, with the motivic Eilenberg-MacLane spectrum for the sheaf of unramified Witt groups. In particular, over a field F of characteristic not two, it is a motivic spectrum whose homotopy groups are concentrated in the zero line:
Moreover, the canonical map cKW → cKW/α is even a map of 1[
]-algebras. The homotopy t-structure filtration of KW thus consists of cKW-modules, and its associated graded consists of (de)suspensions of cKW/α. ] is an equivalence of topological spectra.
Proof The algebraic Hopf map η induces the degree 2 map on the topological sphere spectrum after taking real points. Morel's Theorem, see 5.2, implies the map 1[
of topological spectra. This identifies π 0 R * cKW as Z[ ] (and π 1 R * cKW as the trivial group). Since the canonical map cKW → cKW/α is 4-connective, also π 0 R * cKW/α ∼ = Z[ ] (and π 1 R * cKW/α = 0). The canonical map mentioned in the statement of the lemma is the map to the zeroth Postnikov section. It remains to show that π n R * cKW/α = 0 for all n ≥ 2. For this purpose, recall that cKW/α is the Eilenberg-MacLane spectrum associated to the sheaf of unramified Witt groups on Sm R . Hence its real Betti realization is determined by the real Betti realization of the sheaf W of Witt groups, considered as a complex concentrated in degree zero, and the spectrum structure maps. Theorem 3.3 allows to identify the real Betti realization of W as the complex W (Spec(R • )), which turns out to be the complex ]/α is mentioned below the proof of [5, Proposition 29] . Note that the proof of Lemma 4.7 supplies an integral identification of the real points of the S 1 -Eilenberg-MacLane spectrum for the sheaf of Witt groups.
Lemma 4.8 The inclusions
R ֒→ R[t 1 , . . . , t n ] ֒→ R n ֒→ R t 1 , . . . , t n induce isomorphisms on Witt groups for every n.
Proof By construction, R 0 = R. Shrinking the cube defines a filtered system of intermediate algebras between R n and the formal power series ring R t 1 , . . . , t n whose colimit is the ring of germs of real analytic functions at zero. The intermediate algebras are all isomorphic to R n . Moreover, the restriction homomorphism between any two such defines an isomorphism on Witt groups, as one concludes by a homotopy interpolating between the two cube diameters. Since the Witt group commutes with filtered colimits, the result follows.
Corollary 4.9
There is an equivalence R * cKW[ ] ≃ ko[ ] of topological spectra. The unit cKW[
]) is an equivalence in SH(R).
Proof This follows from Theorem 4.4, Lemma 4.7, and the compatibility of (R * , R * ) with the homotopy t-structure.
Over the complex numbers, a very explicit small cell presentation of cKW can be given, thanks to the following fantastic theorem [10] , [3] . This cell presentation will not be used in the remaining sections. ] is isomorphic to the ring F 2 [η, η −1 , σ, µ 9 ]/ησ 2 where |η| = (1, 1), |σ| = (7, 4), and |µ 9 | = (9, 5).
A priori, the Andrews-Miller computation produces the homotopy groups of 1[ ]). There is a splitting of the zero slice of the η-inverted sphere spectrum
such that the unit 1[
] → KW induces the inclusion on every even summand.
The remainder of this section takes place in the category of 1[
]-modules over the field of complex numbers. Abbreviate ⊕ n π n+k,n as π k .
Lemma 4.12
The unit 1[
Proof The unique nontrivial element α k η −4k ∈ π 4k,0 KW comes from the unique nontrivial element in the 4kth column of the E 2 = E ∞ page of the zeroth slice spectral sequence of KW [29] . The description of the unit map 1[ ]. Then the unit 1[
2 Set D 2 to be the homotopy cofiber of ση −4 : Σ 3,0 1[
Then the canonical map 1[ ] induces an isomorphism on π 4m+3 for m ≥ 1, giving in particular a unique nontrivial map Σ 7,0 1[
] → cKW factors over D 2 as a 7-connective map D 2 → cKW by Lemma 4.12. This can be continued inductively, producing a sequence of cellular motivic spectra factoring the unit of cKW as ] → D n → cKW induce isomorphisms on π 4m . For every n ≥ 1, there is a unique nontrivial element Σ 4n−1,0 1[
is a homotopy cofiber sequence with D n+1 → Σ 4n,0 1[
] inducing an isomorphism on π 4m+3 whenever m ≥ n. Taking the colimit with respect to n → ∞ produces the desired cell presentation of cKW by Lemma 4.12. A cell presentation for KW then follows from Lemma 4.6. Rationally this cell presentation splits by [2, Corollary 2.8], even over any field of characteristic not two.
An Adams resolution with connective Witt theory
The section title refers to the cosimplicial diagram In other words, π n,n cu is an isomorphism and π n+1,n cu is surjective for every integer n.
be the fiber of cu. Corollary 5.2 implies that it is 1-connective.
Lemma 5.3 The canonical map
is an isomorphism if p − q ≡ 1, 2(4) and surjective if p − q ≡ 3(4).
Proof The cofiber sequence (6) induces a long exact sequence of sheaves of homotopy groups. The result then follows from vanishing π p,q cKW = 0 for p − q not divisible by 4, which in turn follows from the fact that higher Witt groups of a field are concentrated in degrees congruent to 0 modulo 4.
Smashing the cofiber sequence (6) with cKW produces the following cofiber sequence:
Lemma 5.4 The connecting map
is an isomorphism for p − q ≡ 1, 2(4), and surjective for p − q ≡ 0, 3(4).
Proof The cofiber sequence (7) induces a long exact sequence of homotopy groups. As in the proof of Lemma 5.3, the vanishing π p,q cKW = 0 for p − q not divisible by 4 implies the statement for p − q ≡ 1, 2, 3(4). Since cu ∧ cKW has the multiplication as a retraction, surjectivity also holds for p − q ≡ 0(4).
An explicit consequence of Lemma 5.4 is that π n+1,n cKW ∧ cKW = 0 for all integers n. In fact, C is 1-connective by Corollary 5.2, whence π n,n C ∧ cKW = 0.
Proposition 5.5 For every integer n, there is an isomorphism
of sheaves of homotopy groups.
Proof Smashing the cofiber sequence (6) with C produces the following cofiber sequence:
Since C is 1-connective by Morel's Theorem 5.2, C ∧ C is 2-connective, which implies that π n+1,n C → π n+1,n cKW ∧ C is an isomorphism. Lemma 5.4 gives that the connecting map π n+2,n cKW ∧ cKW → π n+1,n cKW ∧ C is an isomorphism. The map π n+1,n C → π n+1,n 1 is an isomorphism by Lemma 5.3. The appropriate composition provides the desired isomorphism.
of sheaves of homotopy groups for every integer n.
Proof Assume that π n+1,n 1[ 1 η ] = 0, or, equivalently, that C is 2-connective. Then C ∧ C is 4-connective, which implies that π n+k,n C → π n+k,n cKW ∧ C is an isomorphism for all integers n and all integers k ≤ 3, and in particular for k = 2. Lemma 5.4 implies that the connecting map π n+3,n cKW ∧ cKW → π n+2,n cKW ∧ C is an isomorphism. The canonical map π n+2,n C → π n+2,n 1 is an isomorphism by Lemma 5.3. The appropriate composition provides the desired isomorphism.
Propositions 5.5 and 5.6 are direct manifestations of the applicability of cooperations in connective Witt theory to computations of motivic stable homotopy groups of the η-inverted sphere. The following structural result has consequences for cKW ∧ cKW. In order to state it, recall the realétale topology on Sm S which has as stalks henselian local rings with real closed residue fields. In particular, it is finer than the Nisnevich topology. The identity functor on motivic (symmetric) spectra over S thus can be regarded as a left Quillen functor from the Nisnevich to the realétale homotopy theory, and similarly for the respective A 1 -localizations. The realétale topology is relevant because of [19, Theorem 6.6] , which implies that a Nisnevich fibrant model for cKW[ 1 2 ] is already realétale fibrant. Besides being crucial input for a proof of Theorem 4.4 above, this gives the base case for the following statement (which could be formulated in greater generality). ]-module over F is already realétale fibrant.
Proof The standard model structure on modules over a ring object has underlying weak equivalences and fibrations. The corresponding model structure in the case at hand is cofibrantly generated. The cofibers of these generating cofibrations are free modules cKW[ 1 2 ]∧G, where G is a shifted motivic suspension spectrum of a smooth F -scheme. A standard argument shows that it suffices to prove that a Nisnevich fibrant replacement of cKW[ ] ∧ G is already realétale fibrant. Since the motivic symmetric spectra G are strongly dualizable, a Nisnevich fibrant replacement is given by the internal motivic spectrum of maps from (a cofibrant model of) the dual of G to a Nisnevich fibrant model of cKW[ 1 2 ]. However, since the latter is already realétale fibrant, so is the internal motivic spectrum of maps.
Proposition 5.7 assumes that 2 is invertible and that the base field has characteristic zero. Fields of positive characteristic do not have interesting Witt theory after inverting 2, as the following short section discusses for the sake of completeness. ] has trivial homotopy sheaves by [32, Theorem 2.6.4] . Hence it is contractible, and so is the motivic spectrum C ∧ cKW[ 1 2 ], where C is the homotopy fiber of 1[
] is a weak equivalence. However, since C is 1-connective by Morel's Theorem 5.2, C ∧ C is 2-connective. Hence C[ 1 2 ] is 2-connective, so C ∧ C[ 1 2 ] is 4-connective, and so on. Thus C[ 1 2 ] is contractible, which implies the same for 1[ 
of topological spectra.
Proof This follows from [22] for the prime 2 (which is irrelevant for the following arguments), [18] , and [21] for odd primes. See also [23] and [7] . ] over the real numbers. Here the smash product with the topological spectrum B(j) can be interpreted in two equivalent ways. One way is to view the category of motivic (symmetric) spectra as enriched over the category of usual (symmetric) spectra, and to use an appropriate simplicial version of B(j). Another way, to be pursued here, is to consider B(j) as a constant presheaf of usual S 1 -spectra, having a motivic suspension spectrum with the same notation. The real Betti realization of Σ
] by Theorem 3.1 and Corollary 4.9. Composition with γ from (8) yields a map
whose adjoint is a map Σ
] . Let
] be the composition of this adjoint map, the equivalence occurring in the projection formula (4) for the real Betti realization displayed in Theorem 3.1, and finally the equivalence cKW[
]) from Corollary 4.9.
Corollary 7.2 Let p be an odd prime. The map
induced by the p-local equivalence (8) is a p-local equivalence in SH(R).
Proof The adjunction (R * , R * ) of integral stable homotopy categories descends to the "same" adjunction of p-local stable homotopy categories. Theorem 7.1 implies that the map (9) is a p-local equivalence. Its adjoint Σ s j ,0 B(j) ∧ cKW[
] is computed as the image of (9) under R * , composed with the unit of the adjunction. Since R * preserves p-local equivalences, it suffices to show that the unit
] is a p-local equivalence. However, it is in fact an equivalence, by Theorem 4.9 and the projection formula from Theorem 3.1. ] : cKW[
] is trivial for 1 ≤ s − t ≤ 3.
Proof The source cKW[
] of the map cu∧cKW[
] satisfies realétale descent by [19, Theorem 6.6] , and its target does so by Proposition 5.7. The statement follows by proving that the induced map π s,t cKW[
on homotopy sheaves for the realétale topology is an isomorphism for all s − t ≤ 3. Hence it suffices to prove that (10) is an isomorphism for all s − t ≤ 3 after evaluating at a henselian local ring with real closed residue field. The rigidity property of Witt groups [20, Satz 3.3] provides that it suffices to evaluate (10) at real closed fields.
The main results of [2] imply that cu ∧ cKW Q : cKW Q → cKW ∧ cKW Q is 3-connective. More precisely, [2, Corollary 3.5] and [2, Theorem 3.4] imply that cKW Q ≃ n≥0 Σ 8n,4n 1[
In particular, π s,t cKW ∧ cKW Q is trivial for 1 ≤ s − t ≤ 3. Hence it suffices to show that p-torsion vanishes in that range one odd prime p at a time. But this is an immediate consequence of Corollary 7.2 which holds for real closed fields.
More precise information on Witt cooperations, at least after inverting 2, can be deduced from knowledge about the topological spectra B(j). They are given as Thom spectra of maps from even parts of the May filtration on the homotopy fiber of Ω 2 S 3 → S 1 to KO; see [22, Section 2] for details.
The vanishing
As mentioned already in Section 1, considering connective Witt theory with 2 inverted suffices due to knowledge on (2, η)-completed groups from [31] , which coincide with 2-completed groups under the following circumstances. ] is injective for every natural number n ≥ 5.
Proof Since the base field is a filtered colimit of fields of finite virtual 2-cohomological dimension, and π n+1,n 1 commutes with filtered colimits of fields, one may assume that the base field has finite virtual 2-cohomological dimension. Consider the arithmetic square for 2 and 1. It induces a long exact sequence
] → π n+1,n 1 → π n+1,n 1[ It also implies that the canonical map π n+3,n (sc1) → π n+3,n (sc1)/2 k is surjective for all n ≥ 5 and all k ≥ 1. Hence the canonical map π n+3,n (sc1)/2 k+1 → π n+3,n (sc1)/2 k is surjective for all k ≥ 1 by the commutative diagram π n+3,n (sc1)
